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Abstract 
Wang, S., Free degrees of homeomorphisms and periodic maps on closed surfaces, Topology and 
its Applications 46 (1992) 81-87. 
For each closed hyperbolic (orientable or nonorientable) surface F, we provide a positive integer 
h(F) with properties that for any homeomorphism f on F, at least one ofthe iteratesf; f’, . , fh”’ 
has a fixed point and there is a periodic (orientation reversing) homeomorphism s on F such 
that s’, s2, , s h(F)m’ are all fixed point free. Those integers h(F) are: h( Fz) = 4, h( F,) = 2g - 2, 
g > 2, h( N3) = 2, h( N,,) = 9 - 2, 9 > 3. There is an interesting difference between our result and 
the Nielsen’s result in the orientable category. 
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Let M be a closed manifold and s be a homeomorphism on M. The free degree 
of s is the maximum positive integer m such that s’, s2, . . . , smm’ are all fixed point 
free. We call the maximum free degree of homeomorphisms on M, denoted by 
h(M), the free degree of homeomorphisms on M. 
By the result in [3], h(M) exists if the Euler number of M is nonzero. If M is 
a differential manifold, by the well-known fact in differential topology, h(M) exists 
if and only if the Euler number of M is nonzero. 
We can define p(M), the free degree of periodic homeomorphisms (but arbitrary 
periods) on M; h,(M), the free degree of orientation preserving homeomorphisms 
on M (if M is orientable); pO( M), the free degree of orientation preserving periodic 
homeomorphisms (but arbitrary periods) on M (if M is orientable) in the same way. 
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By the definitions, we havep,(M)~h,(M)~h(M),p,(M)~p(M)~h(M). Let 
F, be an orientable closed surface of genus g, g a 2, N, be a nonorientable closed 
surface of genus q, q 2 3. The result in this paper is 
Theorem 1. 
h(F,)=p(F,)= 42 1 ifg=2, 2g-2, ij-g>2, 
h(N,) =p(N,) = { 2y 
ifq=3, 
q-2, ifq>3. 
Remark. (1) Nielsen studied this problem in the forties in the orientable category. 
His result is 
MF,) = 
2 or 3, if g = 2, 
2g-2, if g > 2, 
and 
PO(F,) = 
2, if g = 2, 
g-1, if g > 2. 
(See [5], reviewed by Fox, that here h,( F2) is 2 or 3 is still unknown.) 
Thus it is a little bit surprising that the free degrees of homeomorphisms are 
realized by periodic maps in our theorem. 
(2) The closed surfaces not included in Theorem 1 are the 2-sphere, torus, 
projective plane and Klein bottle. All these cases are well studied. 
Now we give some definitions and results which will be used in the proof of 
Theorem 1. 
(a) Let S be a closed hyperbolic orbifold with n singular points of indices 
%,V2,-.., u,. We denote the underlying space of S by (SI. The general Euler number 
of S, i(S), is defined by the formula 
X(Si=x(lSl)-,i, (I $; 
I 
here x is the ordinary Euler number. The general fundamental group (or the 
fundamental group of orbifolds) of S is 
( 
(a,,b ,,..., agrbg,cl ,..., c&l=-=c> 
7rY( S) = = [a,, b,] . . . [a,, b,]c, . + . c, = l), or 
(a l,...,aq,cl,..., c,]c;L=...= ,+,;...+ ,.‘. &Cl). 
If n =O, then i(S) =x(S) =x(]Sl) and rr,((SJ) = rry(S). (See [6, Section 21.) 
Any surjective homomorphism 4 : rry( S) + 2, determines a cyclic branched cover 
p : 5 + S, here 2, is a cyclic group of order d and s” is a hyperbolic orbifold with 
rry(S) = kernel Cp (see [l] or [4]). S is a hyperbolic surface if and only if kernel C$ 
is a surface group. kernel $J is a surface group if and only if c, and 4 (c,) have the 
same order [4, Theorem 31. 
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(b) For any periodic map f on a closed surface F with x(F) < 0, there is a 
hyperbolic metric on F such that f is an isometry under this metric. 
Let f be an isometry of order d on a closed hyperbolic surface F with isolated 
periodic points only, then the quotient space F/(f) is a hyperbolic orbifold S and 
each singular point of index zli is determined by an isolated periodic point orbit of 
f with length d/vi. 
Furthermore we have the Riemann-Hurwitz formula (see [4]) 
~=*w=*m~, (1-i). 
(c) Let f: F + F be a self map on a closed surface F. The Lefschetz number t(f) 
is defined as CT=, ( -l)i trace(f,,), herefei is a homomorphism on Hi( F, Q) induced 
by J: The Lefschetz Fixed Point Theorem claims that if f is fixed point free, then 
L(f) is zero (see [2]). 
Proof of Theorem 1. The proof of Theorem 1 is elementary. It will be finished by 
two steps. The first step is to construct a periodic map with the required free degree 
on each closed surface. The constructions are inspired by our work [9]. The second 
step is to show the numbers in Theorem 1 are the upper bounds of the free degrees 
of homeomorphisms on closed surfaces. This step is to apply Fuller’s idea (originated 
from Nielsen, see [2,3]) to our concrete cases and to make a refinement. 
Step 1. There are five cases. 
Case 1: Construction qf a required map for F2. 
Let the hyperbolic orbifold S be the RP2 with two singular points of indices 2 
and 3. A surjective homomorphism 4 : VT~( S) = (a, c, , c2 1 a2c,c2 = cf = c: = 1) + ZL2 is 
defined by +( c,) = 4, C#J( c,) = 6, 4(a) = 1 in Z,2; here c1 and c2 are presented by 
orientable loops, a is presented by nonorientable loop. Obviously #J is surjective. 
So C#J determines a cyclic branched covering S+ S of degree 12. Since 4( ci) and ci 
have the same order, kernel C#J is a surface group by (b). Pick any cy E kernel 4. 
Suppose the sums of powers of a, c, , c2 in LY are k, I, m respectively. Now we must 
have k + 4Z+ 6m = 12j for some integer j, so k is even. Thus (Y is an orientable loop. 
It follows that S is an orientable surface. From x(S) = -12 x (1 -4-i) = -2, we 
know s’= F2 and the generator s of the deck group of covering is a map of order 12. 
Since S has only two singular points of indices 2 and 3, we know that the periodic 
map s on S has only two periodic orbits of length 9 = 6 and y = 4. So s, s2, s3 are 
all fixed point free. 
Case 2: Construction of a required map on F,, g > 2, g is even. 
Let the hyperbolic surface S be the connected sum of three RP2. A surjective 
homomorphism C$I : T:(S) = T,(S) = (a, b, c 1 aba-‘b-‘c’ = 1) + Z,,_, is defined by 
4(a)=2, 4(b)=2, 4(c)=g-1 in Z2g_2, here a and b are presented by orientable 
loops and c is presented by a nonorientable loop. Since g - 1 is odd, the largest 
common divisor (g - 1,2) = 1 and 4 is surjective. Obviously, kernel C#J is a surface 
group and 4 determines a covering S + S of degree 2g - 2 without branched point. 
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Pick any cx E kernel 4. Suppose the sum of powers of a, b, c in CY are k, 1, m respec- 
tively. Now we must have 2k + 21+ m(g - 1) = j(2g - 2) for some integer j. Since 
g - 1 is odd, m is even, LY is an orientable loop. It follows that S is an orientable 
. _ 
surface. From x(S) =x(S) = (2g - 2) x ,Y( S) = 2 - 2g, we know S = F, and the gen- 
erator si of the deck group of the covering is a map of order 2g - 2 with free degree 
2g-2. 
Case 3: Construction of a required map for F,, g > 2, g is odd. 
Let the hyperbolic orbifold S be the Klein bottle with one singular point of index 
2. A surjective homomorphism 4 : v:(S) = (a,, a*, c 1 a:azc = c2 = l)+Z,,_, is 
definedby q%(c)=2g-2, d(a,)=-1, @(az)=g in&_,, here CX,, a,arepresented 
by nonorientable loops, c is presented by an orientable loop. Obviously q5 is 
I 
surjective. So 4 determines a cyclic branched covering S + S of degree 4g - 4. Since 
$(c) and c have the same order, kernel 4 is a surface group by (b). Pick any 
LY E kernel 4. Suppose the sums of powers of a,, u2, c in (Y are k, 1, m respectively. 
Now we must have -k + Zg + m(2g - 2) = j(4g - 4) for some integer j, i.e., -k + I = 
j(4g - 4) - m(2g - 2) - I(g - 1). Since g is odd, k + I is even. Thus cy is an orientable 
loop. It follows that S is an orientable surface. From x(S) = (4g -4) xi(S) = 
(4g - 4) x (-$) = 2 - 2g, we know S = F, and the generator s of the deck group of 
branched covering is a map of order 4g -4. 
Since S has only one singular point of index 2, we know that the periodic map 
s on s” has only one periodic orbit of length (4g - 4)/2 = 2g - 2. So s, s2, . . . , s*~-~ 
are all fixed point free. 
Case 4: Construction of an example on N3. 
Let a, b be a basis for the first homology group of torus T There is an orientation 
preserving periodic map L’ of order 6 determined by the map (a, b) H (- b, a + b). 
Now L(L’) = 1, by the elementary fact in fixed point theory, L’ has only one fixed 
point x. Let D be an invariant small disk of L’ centered at x. The restriction of L’ 
on S, = T-int D is a map L of the same order which is fixed point free. Now 
parameterize aS, by an angle 0 s 0 s 2n such that the restriction of L on aS, is a 
rotation of the angle 21r/6. 
Now we identify the antipodal points on dS,, we get N3 and L induces a fixed 
point free map of order 6 on NX. 
Case 5: Construction of an example on N4, q > 3. 
Pick an oriented essential simple closed curve c on torus T. Let s, be a rotation 
of torus T with angle 27r/ (q - 2) along this curve c and D be a small disk such that 
D,s,(D),. . .,sTrn3(Ll) are disjoint. Let S, = T --l_Jy~f s:(D). Identifying the 
antipodal points of each component of dS,, we get Nq and s, induces a periodic 
map s of order p - 2 such that s, s2, . . . , sp-3 are all fixed point free. 
Remark. (3) The example in Case 4 cannot be produced by using cyclic branched 
covering, since s3 has a one-dimensional fixed point set. 
Step 2. To show the numbers in Theorem 1 are the upper bounds of the free 
degrees on closed surfaces. 
Free degrees of homeomorphisms 85 
The fact that h( Nq)‘s and hO(Fn)‘s are bounded by the numbers in Theorem 1 
has been proved in [8] and [5] respectively. However we would like to prove the 
general case rather than to prove the case of orientation reversing homeomorphisms 
on orientable surfaces only for two reasons: (1) [8] and [5] are not commonly 
available or not easy to read; (2) the proof for the general case is only few lines 
longer than the proof of the special case. 
Let f be a homeomorphism on a closed surface F with ,y(F) < 0 such that 
f,f’, . . ,f” are all fixed point free. 
Then we have 
L(f_Z) = L(“f_‘) = L(f) = L(f) =. . . = L(f”) = 0. (1) 
Let A,, AZ,. . . , A, be the eigenvalues of an induced isomorphism f,, , here s is the 




For any nonzero integer, set Lk = &, A:. Then 
p,_, = i A,. . . ii.. . A, = i +,, 
i=l i=, , 
here ii is the omission of A,, and 




By Newton’s formulas about elementary symmetric polynomials (see [7, Exercise 
2, Section 291, for example), we have 
Ll -P, = 0, (6.1) 
L7-p,L,+2p2=0, (6.2) 
L3-P,L2+P2L,-3P3=0, (6.3) 
and in general 
Lk-p,Lk_,+*. .+(-l)hP’p,_,L,+(-l)‘kp~=O, lsk<s. (6.k) 
With all those elementary facts in hand, we are going to prove the second step. 
Case 1: Suppose f is a homeomorphism on Fg such thatf, . . ,f” are all$xed point 
free. We show n < 2g and n < 2g - 2 if further g > 2. Now s = 2g. 
86 s. Wang 
If f is orientation reversing, then fZkm’ is a self map of degree -1 and f'" is a 
self map of degree 1 for any integer k. From (l), linear algebra and the definition 
of the Lefschetz number, we have 
-2 G 2k G n, k # 0, (7.2k) 
i=l 
Lag-,= ‘c” A;"-'=O, Os2ksn. 
i=l 
(7.2k - 1) 
By (7.i), (6.1) is p, = 0, and then (6.2) is pz = -1. We use induction to show 
p, = 0,3 5 1 G s. Now (6.3) is p3 = 0. Suppose pk = 0, 3 < k < n, then (6.k + 1) has the 
form 
Lk+,+(-l)Q-,+(k+l)Pk+,=O. 
If k is even, then we have (k + l)p k+, = 0, so pktr = 0. If k is odd, then we have 
2-2+(k+1)pk+t=0, SO &+,=o. 
It f is orientation preserving, then fk is a self map of degree 1 for any integer k. 
Similarly we have 
2R 
lk= c A;=2, -2sksn, k#O. (8.k) 
i=, 
By (8.k), (6.1) is p, =2, and then (6.2) is p2= 1, and then p3=p4=. * . =pI =0 by 
(6.k), k=3 ,..., s. 
If n 3 2g, since 2g 2 3, pzn = 0. This contradicts (3). 
Ifg>2andna2g-2,since2g-2 2 3, we have pznmz = Pan-, = 0. By (5), we have 
L_~ = 0, this contradicts (7. - 2) and (8. - 2). 
Case 2: Suppose f is a homeomorphism on TV, such thatf, . . . , f n are all fixed point 
free. We show n<q-1 and n<q-2 if further q>3. Now s=q-1. 
Since HZ( N,, Q) = 0, similarly we have 
2g 
f,l&= 1 hf=l, -lsksn, k#O. (9.k) 
i=l 
By(9.k),(6.1)isp,=1,andthenp2=p,=p,=...=p,=Oby(6.k),k=2,...,s.If 
n 2 q - 1, since q > 2, py_, = 0. This contradicts (3). 
If q>3 and nsq-2, since q-2>2, we have P~-~=O. By (4), we have L_,=O. 
This contradicts (9. - 1). 
We have finished the proof of Theorem 1. q 
The author thanks the referee for his comments which improve the presentation 
of Step 2 significantly. 
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